
A T H R E E - D I M E N S I O N A L  L A M I N A R  B O U N D A R Y  

L A Y E R  ON A P E R M E A B L E  P L A T E  

V . S .  K a p l a n  a n d  V . M .  S h c h e g l o v a  UDC 532.522 

We examine the laminar  boundary layer  on a permeable  half-plane for the case in which the 
s t reamline  of the outside flow is a parabola,  and in which the veloeity of suction or expulsion 
is proport ional  to (x + eonst)l/2. We have found the velocity profi les in the boundary layer ,  
as well as the frict ional s t ress  distr ibution on the half-plane. 

The solution of the complete equations for a three-d imensional  laminar  boundary layer  is a ra ther  
complex problem. We are therefore  interested in examining the s implest  cases ,  using these as an exam-  
ple by means of which to determine cer ta in  significant features of flow in a three-dimensional  boundary 
layer .  One such case,  studied by Loos [1],* involves the s t reamlining of a fixed half-plane case,  studied 
by a "parabolic" external flow (the s t reamlines  are parabolas).  The simplicity of the problem permits  us 
simultaneously to examine the interesting problem (from the prac t icaI  standpoint) of the influence exerted 
by the suction or expulsion on the charac te r i s t i cs  of a three-dimensional  boundary layer.  The attempt to 
solve the problem of the boundary layer  on a permeable  half-plane streamlined by a parabolic flow was 
undertaken by Kozlov [2]. However, in [2] the equations determining the velocity profile in the boundary 
layer  were incorrect ly  derived. Below we solve the problem considered by Kozlov. In addition to solu-  
tions of the form given in [1] and [2], we have found yet  another s o l u t i o n -  a se l f - s imi la r  solution. 

Let a semiinfinite flat plate (a half-plane) be s t reamlined by a flow of an incompressible  viscous 
fluid. Let us examine the laminar  boundary layer  on the plate in the case in which the project ions of the 
velocity of the external  flow onto the axis of the coordinate sys tem shown in Fig. 1 are  determined by the 
formulas  

U = const, W = a + bx, (1) 

where a and b are constants.  The s t reamlines  of this flow are parabolas :  

2Uz = 2ax § bx 2 + const. (2) 

Parabol ic  flow is vort ical ,  the vortex vector  P. is directed along the normal  to the plate surface,  so that 
my •  while the p re s su re  var ies  only along the z-axis :  

p = const - -  obUz. (3) 

Because of the infinity of the plate in the z-d i rec t ion  and because the project ions of the velocity of the 
external flow are independent of z, the velocity in the boundary layer ,  given appropriate conditions at the 
wall, a re  also independent of z. The boundary- layer  equations for this ease therefore  assume the form 

*Wo 

Ou Ou 02u u - -  + v - - =  v - -  , (4) 
ax og oy ~ 

Ow Ow O~w u - -  + v - - =  Ub + ~ - - ,  (5) 
Ox oy oy ~ 

a__s + o_L = o. (6) 
ax ay 

Wuest [91 studied a special  ease of this problem. 
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Fig. 1. Effect of suction or expulsion on the flow pat tern 
in the boundary layer :  1) project ions of the s t reaml ines  
of the external flow onto the plane of the plate; 2) ex- 
t r eme s t reaml ines  for s = 0; 3) the same,  for s = - 0 . 5 ;  
4) the same for s = 5. 

It is assumed that the suction or  expulsion of the liquid is accomplished through the plate surface along the 
normal  to that surface at a velocity v 0 = v0(x). Then 

U = 0 ,  V = - - v  o(x), W=0when .y=0 ;  
(7) 

u = U, w = a + bx when y = o o ,  

with v 0 positive in the case of suction, and negative in the case of expulsion. 

System (4)-(6) can be redueed to a sys tem of ordinary  differential equations, one of which is the 
Blasius equation. We can do this in the following two ways.  

1. Let  us seek the project ions  of the velocity in the boundary layer  tn the form 

1 ll/  l* = - ~  U F' Olt), v -~ - ~  ( F ~ h - -  F), w = aN, Oh) + bxwt ('qt), 

where 

n , = T  v ' v ~  x " (8) 

satisfied for any values of the constants U, a, and b, if the func- Then Eqs. (4)-(6) and conditions (7) will be 
tions F, w0, and w 1 are  solutions of theboundary-va lue  problems:  

F ' " +  FF" = 0, F (0) = s, F' (0) = 0, F' (oo) = 2, (9) 

w o+Fw o=0, w o ( 0 ) = 0 ,  w o ( o o ) = 1 ,  (10) 

w~ + F w ~ - - 2 F ' w , = - - 4 ,  wi(0 ) = 0 ,  wt(oo)= I. (11) 

The constant s,  determining the intensity of expulsion or  suction, must be specified. Assuming in (8)-(11) 
that s = 0, we come to the problem solved by Loos [1], and if we assume that a = b = 0 we come to the two- 
dimensional  problem solved by Emmons and Leigh [3]. 

2. If b ~ 0 and the signs of the constants a and b coincide, sys tem (4)-(6) has a se l f - s imi la r  solution 
(see the table of boundary conditions in [4]) : 

1 1 
/ 

~ U  
UF' blz), v =  F / (F '~h- -F) ,  w - - - b ( x  + Xo)Cl)(~h) , (12) 

u =  -v  2-  X + Xo 
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TABLE 1 (Continued) 

6 7 8 9 10 11 12 

0 
0,05 
0,10 
0,15 
0,20 
0,25 
0,30 
0,35 
0,40 
0,45 
0,50 
0,55 
0,60 
0,65 
0,70 
0,75 
0,80 
0,85 
0,90 
0,95 
1,00 
1,05 
1,10 
1,15 

0,0000 
0,2979 
0,5105 
0,6610 
0,7668 
0,8406 
0,8918 
0,9270 
0,9511 
0,9675 
0,9785 
0,9859 
0,9908 
0,9941 
0,9962 
0,9976 
0,9985 
0,9991 
0,9994 
0,9996 
0,9998 
0,9999 
0,9999 
1,0000 

0,0000 
0,3284 
0,5520 
0,7031 
0,8045 
0,8721 
0,9168 
0,9462 
0,9655 
0,9780 
0,9860 
0,9912 
0,9945 
0,9966 
0,9979 
0,9987 
0,9992 
0,9995 
0,9997 
0,9998 
0,9999 
0,9999 
},oooo 

0,0000 
0,3582 
0,5909 
0,7409 
0,8369 
0,8980 
0,9365 
0,9608 
0,9759 
0,9853 
0,9911 
0,9946 
0,9967 
0,9981 
0,9989 
0,9993 
0,9996 
0,9998 
0,9999 
0,9999 
1,0000 

o,oooo 
0,3873 I 
o,6271 I 
0,7745 l 
0,8644 
0,9189 
0,9518 
0,9715 
0,9833 
0,9902 
0,9943 
0,9967 
0,9981 
0,9989 
0,9994 
0,9997 
0,9998 
0,9999 
0,9999 
1,0000 

0,0000 
0,4154 

0,6605 
0,8040 
0,8875 
0,9358 
0,9636 
0,9795 
0,9885 
0,9936 
0,9964 
0,9980 
0,9989 
0,9994 
0,9997 
0,9998 
0,9999 
1,0000 

0,0000 
0,4425 
0,6912 
0,8300 
0,9069 
0,9493 
0,9726 
0,9852 
0,9921 
0,9958 
0,9978 
0,9988 
0,9994 
0,9997 
0,9998 
0,9999 
1,0000 

0,0000 
0,4685 
0,7194 
0,8527 
0,923! 
0,9601 
0,9794 
0,9894 
0,9946 
0,9973 
0,9986 
0,9993 
0,9997 
0,9998 
0,9999 
1,0000 

in which  c a s e  

1 y /  U s [//~ vU - a 
~1~ = - f f  v ~, (x + Xo) ' Vo = ~ x + ~  ' xo = - g  , 

with the funetion F(~ z) satisfying conditions (0), while the function ~5(~2) is a solution for the boundary-value 
problem 

q~" + Fq~' - -  2F'q~ = - -  4, q~(0) = 0, q~(oo) = 1. (13) 

C o m p a r i s o n  of  (9), (10), and (11), (13) shows  tha t  

i F , ~v0 = - ~ -  Oh), wi = ~b (~h). (14) 

Consequen t l y ,  s o l u t i o n s  (8) and  (12) a r e  found s i m u l t a n e o u s l y  a s  a r e s u l t  of the so lu t i on  of the  b o u n d a r y -  
v a l u e  p r o b l e m s  (9) and (13). The  fac t  tha t  the  b o u n d a r y  va lue  p r o b l e m  (4)-(7) h a s  two s o l u t i o n s  i s  a r e s u l t  
not  only  of the  d i f f e r e n c e  b e t w e e n  the  v e l o c i t i e s  a t  the  w a l l ,  but  a l s o  a c o n s e q u e n c e  of  the  d i f f e r e n c e  " i n i t i a l "  
c o n d i t i o n s ,  s o l u t i o n  (8) c o r r e s p o n d s  to a u n i f o r m  v e l o c i t y  d i s t r i b u t i o n  for  x = 0, whi l e  so lu t ion  (12) c o r r e -  
s p o n d s  to  a n o n u n i f o r m  d i s t r i b u t i o n .  When  a = 0, the  two s o l u t i o n s  co inc ide .  

D e s p i t e  the  d i f f e r e n c e s  in the b o u n d a r y  cond i t i ons  and in the  method  of f ind ing  the s o l u t i o n s ,  (8) and 
(12) a r e  c l o s e l y  r e l a t e d  to each  o the r .  L e t  us a s s u m e  in f o r m u l a s  (8) tha t  a = 0 and l e t  us t r a n s f e r  the c o -  
o r d i n a t e  o r i g i n  to the  po in t  (xi ,  0, 0), x I > 0. In th i s  new s y s t e m  of  c o o r d i n a t e s  f o r m u l a s  (8) a s s u m e  the  
s a m e  f o r m  as  f o r m u l a s  (12), bu t  in the  p l a c e  of x 0 we wi l l  have  x 1. The  quan t i t y  x 1 can  be  a s s u m e d  to be  
equa l  to x 0 in so lu t i on  (12). The  f low which  is  t hen  d e s c r i b e d  by  (12), beg inn ing  f r o m  the  l e a d i n g  edge ,  c o -  
i n c i d e s  wi th  the  f low d e s c r i b e d  by (8) for  a = 0 and x -> x o. We wi l l  t h e r e f o r e  not  c o n s i d e r  so lu t ion  (12) in the  
fo l lowing .  

The  b o u n d a r y - v a l u e  p r o b l e m  (9) h a s  b e e n  s o l v e d  in [3], w h e r e  we  f ind t a b l e s  of  the funct ion  F and i t s  
d e r i v a t i v e s  fo r  v a r i o u s  v a l u e s  of  s .  T h e s e  t a b l e s  can  a l s o  be  u s e d  for  the  c a l c u l a t i o n  of the  funct ion  ~ .  
The  b o u n d a r y - v a l u e  p r o b l e m  (13) was  so lved  by  r e p l a c i n g  the d i f f e r e n t i a l  equa t ion  by  a d i f f e r e n c e  equa t ion  
and s u b s e q u e n t l y  app ly ing  a p ivo t  me thod .  The  r e s u l t s  of  the  c a l c u l a t i o n  a r e  shown in T a b l e  1. It should  be 
no ted  tha t  t h e r e  e x i s t s  a l i m i t  v a l u e  s = soo such  tha t  F"(0) ~ 0 a s  s ~ s o o .  Th i s  l i m i t  va lue  is  not  a c h i e v e d ,  
s i n c e  the  b o u n d a r y - v a l u e  p r o b l e m  (9) h a s  no s o l u t i o n  s a t i s f y i n g  the  cond i t i on  F"(0)  = 0. ( Indeed,  
g i v e n  the  i n i t i a l  cond i t i ons  F (0 )  = s ,  F '  (0) = F"  (0) = 0, the  s o l u t i o n  of the  B l a s i u s  equa t ion  is  F = s 
= const . )  In o t h e r  w o r d s ,  when s -< s ~ ,  t h e r e  is  no P r a n d t l  b o u n d a r y  l a y e r .  A c c o r d i n g  to the  E m m o n s  and 
Le igh  c a l c u l a t i o n s  [3] we have  s ~  ~ - 1 . 2 3 8 4 9 .  
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T A B L E  2. F u n c t i o n s  of the  P a r a m e t e r  s ,  D e t e r m i n i n g  the F r i c -  

t i o n a l  S t r e s s  a t  the Wal l  

s a 13 t~ s r I~ k 

--1,20 
--1,15 
--1,10 
--1,05 
--1,00 
--0,75 
--0,50 
--0,25 

0 
0,5 
1 

0,01343178 
0,03859712 
0,06911819 
0,10383601 
0,14207803 
0,37445574 
0,65796369 
O, 97872869 
l ,3282293 
2,0912914 
2,9154668 

3,040 
2,933 
2,868 
2,82t 
2,789 
2,718 
2,723 
2,767 
2,836 
3,026 
3,266 

452,7 
152,0 
82,99 
54,36 
39,26 
14,52 
8,278 
5,655 
4,270 
2,893 
2,240 

4 
5 
6 
7 
8 
9 

I0 
11 
12 

4,6776781 
6,5289066 
8,4295589 

1 O, 359623 
12,308238 
14,269139 
16,238520 
18,213964 
20,193871 
22,177150 
24,163033 

3,856 
4,549 
5,329 
6,144 
7,000 
7,888 
8,798 
9,725 

10,66 
11,51 
12,57 

1,648 
1,393 
1,261 
1,185 
1,137 
1,105 
1,083 
1,067 
1,055 
1,046 
1,039 

The  c o m p o n e n t s  ~'x and 
a r e  e x p r e s s e d  by  the f o r m u l a s  

- -  2~ (Ou)  a / - - -~  
pV ~ "-~'-y v= o 2 l /  -O-~-x ' 

- 

pU 2 u=o 2 

~z of the  f r i c t i o n a l  s t r e s s  a t  the  w a l l ,  r e f e r r e d  to the  d y n a m i c  head  (1 /2)pU 2, 

(15) 

w h e r e  

- bx bxo a 28 , = qb' 
x = ~ ,  ~ -  - , k =  ,~ = F ( o ) ,  13 (o). 

U U U a 

The  q u a n t i t i e s  c~, fl, and  k as  func t ions  of  s a r e  shown in T a b l e  2. We s e e  f r o m  the t ab l e  that  oo > k > 1 
when soo < s < o~. F o r  a f ixed  va lue  of  s the f r i c t i o n a l  s t r e s s  v = ~ a t  the w a l l  - inf in i te  a t  the  l e a d -  
ing e d g e ,  d i m i n i s h i n g  with  i n c r e a s i n g  x when  b ~ 0 - r e a c h e s  i ts  m i n i m u m  at  the s t r a i g h t  l ine  x = l / k ( 1  
+ x~)l/2 and then  aga in  i n c r e a s e s .  Subs t i t u t ing  (15) into the equa t ion  fo r  the f a m i l y  of  the f r i c t i o n  l i n e s  

dx dz 

"rx "~z 

and i n t e g r a t i n g  th i s  equa t ion ,  we f ind fo r  t ~ 0 that  the f r i c t i o n a l  s t r e s s  a t  e ach  po in t  of the p l a t e  is  d i r e c t e d  
a long  the t angen t  to the p a r a b o l a  

- bz 

p a s s i n g  t h rough  th i s  poin t .  When  b = 0 the f r i c t i o n  l i n e s  d e g e n e r a t e  into s t r a i g h t  l i ne s  Uz = ax  + eons t .  
F r o m  (15) we d e t e r m i n e  the r e s i s t a n c e - f o r c e  c o m p o n e n t s  0 -< x -< l ,  z 1 -'~ z ~ z~ of  the  r e c t a n g u l a r  s e g m e n t  
of the p l a t e  and the c o e f f i c i e n t s  of f r i c t i o n a l  r e s i s t a n c e :  

a , C , ~ -  a ( 4 T + - x o  I 

w h e r e  

Re = Ul -1 bl 
v U 

Le t  us  e x a m i n e  the f low p a t t e r n  in the  b o u n d a r y  l a y e r .  In the  s i m p l e s t  c a s e  of b = 0, the  e x t e r n a l  
f low is  u n i f o r m  and inc l i ned  t o w a r d  the l e a d i n g  edge;  f r o m  (8) and (14) we have  w / u  = W / U .  C o n s e q u e n t l y ,  
the  i n c l i n a t i o n  of  the  l e a d i n g  p l a t e  edge  t o w a r d  the  l ine  of the  f r e e s t r e a m  v e l o c i t y  e x e r t s  no in f luence  on the 
d e v e l o p m e n t  of  the  b o u n d a r y  l a y e r ,  i. e . ,  the p r o b l e m  r e d u c e s  to  the  f a m i l i a r  [3] t w o - d i m e n s i o n a l  s e l f -  
s i m i l a r  p r o b l e m  of the  s t r e a m l i n i n g  of  a p e r m e a b l e  p l a t e  by a u n i f o r m  flow at a v e l o c i t y  U 1 = 4"U ~ + a 2. 
Th i s  s i t u a t i o n ,  e s t a b l i s h e d  fo r  an i m p e r m e a b l e  p l a t e  in a g r a d i e n t - f r e e  f low by S t r u m i n s k i i  [5] and S e a r s  
[6], r e m a i n s  v a l i d  even  in the c a s e  of f lu id  s u c t i o n  o r  e x p u l s i o n  th rough  the p l a t e  s u r f a c e  at  a v e l o c i t y  v 0 
~ (x + c o n s t ) - l / ~ .  

If b a 0, bu t  a = 0, s o l u t i o n  (8) wi l l  a l s o  be  s e l f - s i m i l a r  and the  v e l o c i t y  p r o f i l e s  in the  b o u n d a r y  l a y e r  
w i l l  be  e x p r e s s e d  by the  func t ions  F '  and ~ .  The  s t r e a m l i n e  of (2) in th i s  c a s e  wi l l  be  p a r a b o l a s  of the f o r m  
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~,z I , u 

a i~ ~ - -  - -  - / / / \  

.r.,, ! ) 2 - '  
/,~ r l  / e 

f ~ . . ~ . - . . ~ f . . . ~ . - - ~ ' -  
o 2 0 ~ h3 

J ~ s~zf ,3,2 

/" / 

Fig. 9. Profiles of the velocity wfor positive (a) and neg- 

ative (To) values ofx (I- s = 5; II - s = O; Ill - s =-0.5; a, 
1) x = 0.25; 2) 0.5; 3) 1; 4) 2; 5) 4; b: 1) x = - 0 . 2 5 ;  2) 
(-0.5);  3) (-1);  4) ( -2) ;  5) ( -4) .  

z =  1 x~ + const. (17) 
2 

Near  the plate su r face  the d i rec t ion  of the flow is d e t e r m i n e d b y t h e  ex t r eme  s t r eaml ine  which coincides with 
the f r ic t ion  l ines ,  i . e . ,  with the pa rabo la s  

~ =  __k x2 q- const. (18) 
2 

The coeff icient  k > 1 in Eq. (18) quanti tat ively c h a r a c t e r i z e s  the wel l -known fact that the s t r eaml ine s  in the 
boundary l aye r  a re  bent more  s teeply than in the ex te rna l  l aye r .  The more  intense the suction (1 < k 
< 4.27), the c lo s e r  the ex t r em e  s t r e a m l i n e  to the s t r eaml ine s  of the externa l  flow. This  is explained by 
the fact  that those l a y e r s  of the fluid which have been dece le ra ted  the mos t  a r e  r emoved  f rom the flow, the 
veloci ty  component that is pa ra l l e l  to the wall  i nc rea se s  nea r t he  wall and, consequently,  the re  is an in- 
c r e a s e  in the centr i fugal  fo rces  which act  on the fluid pa r t i c l e s  moving along the bend t r a j e c t o r i e s .  Since 
the p r e s s u r e  gradient  does not change in this case (it is set  by the external  flow), the s t r eaml ine s  in the 
boundary ] aye r  a re  bent l e s s .  With expulsion (4.27 < k < ~), converse ly ,  the fluid en te r s  the flow at a ve l -  
ocity which is equal to ze ro  in the d i rec t ion  para l l e l  to the wall.  The fluid is seemingly  dece le ra ted  and the 
slope of the s t r e a m l i n e s  i nc rea se  (see Fig. 1). Because the slope of the s t r eaml ine  is g r e a t e r  in the boundary 
l aye r  than in the external  flow, the fluid pa r t i c l e s  pass  through the point of the boundary l aye r  that a re  s i t -  
uated along some ver t i ca l .  These  fluid pa r t i c l e s  move out of a reg ion  in which the p r e s s u r e  is g r e a t e r  than 
in the reg ion  f rom which the fluid pa r t i c l e s  come in the externa l  flow, in tersec t ing  the s ame  ve r t i ca l  [1], 
Th is  explains the "hump ~ in the prof i le  of w for  sma l l  s (4~ > 1, beginning f rom some  value of ~7) and it is 
fu r the r  explained by the fact  that the veloci ty  of the ex te rna l  flow on that  s ame  ver t i ca l .  

The effect  of suction or expulsion on sur face  f r ic t ion can be seen f rom (15) and Table  2. The c o m -  
ponent ~x'  as in the case of two-d imens iona l  conditions, i nc rea se s  with suction and d iminishes  with expulsion. 
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The component  ~'z also i n c r e a s e s  with suction (although more  slowly), while expulsion r e su l t s  in vi r tual ly  
no change in the magnitude of this component.  This is a consequence of the opposed effect  of the two f ac -  
t o r s .  On the one hand, expulsion r educes  the inclination of the veloci ty  profi le  at this point to the axis 
at the wall ,  i . e . ,  it r educes  fr ict ion.  On the other  hand, because  of the inc rease  in the slope of the s t r e a m -  
line in the boundary l aye r ,  pa r t i c l e s  r e a c h  this point at a g r e a t e r  veloci ty  and the ve loc i ty -p ro f i l e  incl ina-  
t ion i nc rea se s  as a resu l t ,  i . e . ,  f r ic t ion i nc r ea se s .  When s < - 0 . 7 5  the second fac tor  becomes  p r e d o m -  
inant. 

In the genera l  case  a ~ 0, b ~ 0 the solution given in (8) will no longer be s e l f - s i m i l a r  and the p rof i l es  : 
for  the p ro jec t ions  of w at va r ious  d is tances  f rom the leading edge will differ .  Figure  2 shows the prof i les  
of the d imens ion less  veloci ty  ~ = w / a  for  s eve ra l  values  of the d imens ion less  p a r a m e t e r  ~ = b x / a  and v a r -  
ious s. The cu rves  show that when a / b  > 0 the veloci ty  dis t r ibut ion in the boundary l aye r  coincides qual i -  
ta t ively  with the veloci ty  dis t r ibut ion for  a = 0. Again, with sufficient dis tance f rom the leading edge, we 
find a "hump" on the curves  for w, with the expulsion inc reas ing  this "hump," while suction diminishes  it. 
When a / b  < 0 the pa t t e rn  is a l t e red  markedly .  The component  W of the veloci ty of the ex te rna l  flow changes 
direct ion,  and near  the leading edge this component  is d i rec ted  counter to the  p r e s s u r e  gradient .  Conse-  
quently, the prof i le  for  w, changing sign through the th ickness  of the l aye r ,  a s s u m e s  the fo rm which is 
found in two-dimens ional  flows beyond the separa t ion  point (see the prof i les  for w when x = - 0 . 5  in Fig. 2b). 

However ,  there  is no separa t ion  of the boundary l aye r  in the case  of parabol ic  ex terna l  flow. In the 
spec ia l  ca ses  cons idered  above,  as well  as in the genera l  case  in which a / b  > 0, the re  can be no separa t ion ,  
s ince the veloci ty  vec to r  in the boundary l aye r  has  no component  at any point d i rec ted  counter  to the p r e s -  
sure  gradient .  If a / b  < 0, such a component  exis ts  near  the leading edge. However ,  f rom the locat ion of 
the e x t r e m e  s t r e a m l i n e s ,  as shown in (16), we see that in this case  there  will be no separa t ion  of the bound- 
a ry  l ayer  - the fluid will flow in the d i rec t ion  perpendicu la r  to that of the p r e s s u r e  gradient .  We can p rove  
the absence  of sepa ra t ion  by employing the c r i t e r i a  for  the separa t ion  of a t h r ee -d imens iona l  l a m i n a r  
boundary  l aye r  (see [7] and [8]). 

In conclusion, le t  us note that when s~-. 1.033 the "expuls ive"  effect  o f theboundary  l aye r  is offset  by the 
suction and the component  of veloci ty  that is no rmal  to the wall  d i sappea r s  at the outside edge of the bound- 
a ry  l aye r .  This  is the only value of s at which the boundary l aye r  actual ly "comes  into contact" with the 
ex te rna l  flow. 

x~ y,  and z 
u, v, and w 

U and W 

v0 
P 
P 
P 
N 

s 

~'x and ~'z 
Cfx and Cfz 
a and b 
X 0 = a T b ;  

= x / x 0 .  

N O T A T I O N  

a re  Car t e s i an  coordinates  (see Fig. 1); .... 
a r e  the pro jec t ions  of the veloci t ies  in the boundary l ayer  ontothe  x - ,  y - ,  and z - a x e s ,  
re  spe ctively; 
a r e  the pro jec t ions  of the ex te rna l - f low veloci t ies  onto the x -  and z - a x e s ,  respec t ive ly ;  
is the suction for expuls ion velocity; 
is the p r e s s u r e ;  
is the density;  
is the v i scos i ty  coefficient;  
is the kinetic coeff icient  of v iscosi ty ;  
is the suction or expulsion p a r a m e t e r ;  
a r e  the f r i c t i o n a l - s t r e s s  components  at the wall; 
a re  the coeff ic ients  of f r ic t ional  r e s i s t ance ;  
a r e  constants  in the exp re s s ion  for  W; 
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